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1. Introduction

In a series of papers (see e.g. [8, 9]) an Adams-type predictor-corrector algo-
rithm is discussed for the numerical solution of the initial-value problem for the
nonlinear fractional differential equation

(CD
α
t y)(t) = f(t, y(t)), t ∈ (0, T ]. (1)

Here CD
α
t denotes the Caputo fractional derivative of order α > 0

(CD
α
t y)(t) =

1

Γ(m− α)

∫ t

0
(t− τ)m−α−1y(τ) dτ,

where m ∈ N is such that m − 1 < α ≤ m. Equation (1) is equipped with m
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initial conditions, y(k)(0) = ck ∈ R, k = 0, 1, . . . ,m − 1. For 0 < α ≤ 1, which
is the case of many applications, only one initial condition need to be specified:
y(0) = c0 ∈ R.

The numerical algorithm developed in [8, 9] is a generalization of the classi-
cal Adams-Bashforth-Moulton integration that is well known for the numerical
solution of first-order problems. It is based on the equivalent representation of
equation (1) as a Volterra integral equation. This algorithm has found appli-
cations for the numerical solution of problems in different areas, e.g. [3, 4, 26].

The concept of general fractional calculus (GFC) has recently gained an
increasing interest, see e.g. the review article [27] and the references cited
there. The idea of GFC was introduced by A. N. Kochubei in [16]. For recent
developments we refer to [17, 18, 19].

This work is concerned with the Cauchy problem for the general fractional
differential equation

(CD
(κ)
t y)(t) = f(t, y(t)), t ∈ (0, T ], y(0) = y0 ∈ R, (2)

where CD
(κ)
t denotes the general fractional derivative (GFD) of Caputo type,

which is a generalization of the Caputo fractional derivative CD
α
t , 0 < α < 1.

Other special examples of GFD of Caputo type are the linear combination with
positive coefficients of Caputo fractional derivatives of orders in the interval
(0, 1) and the distributed-order Caputo fractional derivative with continuous

distribution in an interval ⊆ (0, 1). The precise definition of the operator CD
(κ)
t

is given in Section 3.

The general fractional differential equation (2) describes dynamical systems
with a general form of nonlocality in time [27].

The aim of the present work is to develop a predictor-corrector algorithm for
the numerical solution of the initial-value problem (2) by applying a technique,
analogous to that in [8, 9].

The rest of the paper is organized as follows. Section 2 contains prelim-
inaries. In Section 3 the general fractional derivative and the corresponding
differential equation (2) are discussed. In Section 4, the predictor and corrector
formulae for the general fractional equation are derived. To assess the viabil-
ity of the presented predictor-corrector algorithm, in Section 5 three numerical
examples are considered.
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2. Preliminaries

In this work the Laplace transform of a function f(t) is denoted by f̂ or L{f},
that is

f̂(s) = L{f(t)}(s) =

∫ ∞

0
e−stf(t) dt.

Denote as usual by ∗ the Laplace convolution

(f ∗ g)(t) =

∫ t

0
f(t− τ)g(τ) dτ.

A function f : R+ → R is said to be completely monotone function (CMF)
if it is of class C∞ and

(−1)nf (n)(t) ≥ 0, t > 0, n = 0, 1, 2, ... (3)

The characterization of the class CMF is given by the Bernstein’s theorem:
a function is completely monotone if and only if it can be represented as the
Laplace transform of a non-negative (generalized) function. The class CMF is
closed under pointwise addition, multiplication and convergence [24].

The class of Stieltjes functions (SF) consists of all functions defined on R+

which have the representation (see [16])

ϕ(s) =
a

s
+ b+

∫ ∞

0
e−sτψ(τ) dτ, s > 0,

where a, b ≥ 0 and the locally integrable function ψ ∈ CMF is such that the
Laplace transform of ψ exists for any s > 0.

The Mittag-Leffler function is defined by the series [11]

Eα,β(z) =
∞∑

k=0

zk

Γ(β + αk)
, z ∈ C, α, β ∈ R, α > 0, (4)

where Γ(·) is the Gamma function.

The following multinomial Mittag-Leffler function is proposed in [12]:

E(α1,...,αm),β(z1, . . . , zm) =

∞∑

k=0

∑

k1+...+km=k
k1≥0,...,km≥0

k!

k1! . . . km!

∏m
j=1 z

kj
j

Γ
(
β +

∑m
j=1 αjkj

) ,

where zj ∈ C, αj > 0, β ∈ R, j = 1, . . . ,m.
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For convenience we give explicitly the defining series in the binomial case
m = 2:

E(α1,α2), β(z1, z2) =

∞∑

k1=0

∞∑

k2=0

(k1 + k2)!

k1!k2!

zk11 z
k2
2

Γ (β + α1k1 + α2k2)
, (5)

where z1, z2 ∈ C, α1, α2, β ∈ R, α1 > 0, α2 > 0.
The Laplace transform pair for the Mittag-Leffler function [11]

L
{
tβ−1Eα,β(λt

α)
}
(s) =

sα−β

sα − λ
(6)

is generalized for multinomial Mittag-Leffler type functions as follows (see e.g.
[5]):

L
{
tβ−1E(α1,...,αm),β(λ1t

α1 , . . . , λmt
αm)

}
(s) =

s−β

1−
∑m

j=1 λjs
−αj

. (7)

A sufficient condition for complete monotonicity of the multinomial Mittag-
Leffler type function is the following (see e.g. [5]): If 0 < αj ≤ β ≤ 1 and λj < 0,
j = 1, . . . ,m, then

tβ−1E(α1,...,αm),β(λ1t
α1 , . . . , λmt

αm) ∈ CMF , t > 0. (8)

Other types of multi-index generalizations of the classical Mittag-Leffler
functions and their properties are discussed in [13, 14, 21, 22, 23].

3. Cauchy problem for a nonlinear ODE with the general fractional

derivative

Consider the nonlinear general fractional differential equation

(CD
(κ)
t y)(t) = f(t, y(t)), t ∈ (0, T ], (9)

subject to the initial condition

y(0) = y0 ∈ R. (10)

Here CD
(κ)
t denotes the general fractional derivative of the Caputo type, intro-

duced in [16] as follows

(CD
(κ)
t f)(t) =

d

dt

∫ t

0
κ(t− τ)f(τ) dτ − κ(t)f(0), t > 0, (11)
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where κ(t) is a nonnegative locally integrable kernel (κ ∈ L1
loc(R+)).

Definition (11) is applicable for absolutely continuous functions f ∈ AC(R+).
If moreover f ′ is a locally integrable function then by applying the identity

(κ ∗ f)′(t) = (κ ∗ f ′)(t) + κ(t)f(0) (12)

we obtain the following equivalent representation

(CD
(κ)
t f)(t) = (κ ∗ f ′)(t).

From here we recognize that CD
(κ)
t is indeed a derivative of Caputo type.

As in [16], we make the following assumptions on the kernel κ(t) in definition
(11). We suppose that the Laplace transform κ̂(s) of the kernel κ(t) exists for
all s > 0 and κ̂(s) ∈ SF , where SF is the class of Stieltjes functions. Moreover,
we assume

κ̂(s) → 0, sκ̂(s) → ∞ as s→ ∞;

κ̂(s) → ∞, sκ̂(s) → 0 as s→ 0.

The above assumptions on κ̂(s) imply the following properties (see e.g.
[16]): κ(t) ∈ CMF and there exists a function k(t), defined for t > 0, which is
locally integrable and completely monotone, k(t) ∈ L1

loc(R+) ∩ CMF , and the
identity is satisfied:

(κ ∗ k)(t) ≡ 1. (13)

The general fractional integral operator J
(k)
t defined by the identity

(J
(k)
t f)(t) =

∫ t

0
k(t− τ)f(τ) dτ

satisfies the relations

C
D
(κ)
t J

(k)
t f(t) = f(t) for any f ∈ L1

loc(R+), (14)

J
(k)
t

C
D
(κ)
t f(t) = f(t)− f(0) for any f ∈ AC(R+). (15)

Pairs of kernels satisfying (13) are referred to as Sonine kernels. In Laplace
domain identity (13) reads

κ̂(s)k̂(s) = 1/s. (16)

Basic examples of kernels κ(t), which obey the required properties, are con-
sidered next. The corresponding Sonine kernels k(t) and the Laplace transforms
are given. For the sake of brevity we use the notation

ωβ(t) =
tβ−1

Γ(β)
, β > 0. (17)
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The Laplace transform pairs

L{ωβ(t)} (s) = s−β, β > 0, (18)

(6), (7), and the identity (16) are used.

Example 1. The power-law memory kernel

κ(t) = ω1−α(t), κ̂(s) = sα−1, 0 < α < 1. (19)

In this case CD
(κ)
t coincides with the Caputo fractional derivative CD

α
t of order

α. The corresponding Sonine kernel k is

k(t) = ωα(t), k̂(s) = s−α.

Example 2. The multi-term power-law memory kernel

κ(t) =

m∑

j=1

qjω1−αj
(t), κ̂(s) =

m∑

j=1

qjs
αj−1, (20)

where 1 > α1 > α2 > . . . > αm > 0, qj > 0, j = 1, . . . ,m, m > 1. In this case
CD

(κ)
t is a linear combination of fractional derivatives of Caputo type:

C
D
(κ)
t =

m∑

j=1

qj
CD

αj

t .

Without loss of generality we may assume q1 = 1. In this case (16) implies

k̂(s) =
1∑m

j=1 qjs
αj

=
s−α1

1 +
∑m

j=2 qjs
−(α1−αj)

. (21)

Therefore, taking into account (7), we derive a representation of k(t) as a multi-
nomial Mittag-Leffler type function

k(t) = tα1−1E(α1−α2,...,α1−αm),α1

(
−q2t

α1−α2 , . . . ,−qmt
α1−αm

)
.

Let us note that this function satisfies the sufficient conditions for complete
monotonicity and (8) implies k(t) ∈ CMF .

In particular, in the two-term case (m = 2)

κ(t) = ω1−α1
(t) + qω1−α2

(t), κ̂(s) = sα1−1 + qsα2−1, (22)

where 1 > α1 > α2 > 0, q > 0. Applying relation (16) it follows k̂(s) =
s−α2/(sα1−α2 + q) and therefore (6) implies

k(t) = tα1−1Eα1−α2,α1
(−qtα1−α2). (23)
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Example 3. The distributed-order memory kernel

κ(t) =

∫ 1

0
ω1−α(t)µ(α) dα, κ̂(s) =

∫ 1

0
sα−1µ(α) dα, (24)

where µ(·) is a nonnegative weight function. In this case CD
(κ)
t is the Caputo

fractional derivative of distributed order:

C
D
(κ)
t =

∫ 1

0
µ(α)CD

α
t dα.

In the particular case of uniform distribution, µ ≡ 1, the memory kernel
becomes

κ(t) =

∫ 1

0
ω1−α(t) dα, κ̂(s) =

∫ 1

0
sα−1 dα =

s− 1

s log s
. (25)

Therefore, according to (16), the Sonine kernel k(t) satisfies

k̂(s) =
log s

s− 1
.

By applying the Titchmarsh theorem for the inverse Laplace transform we ob-
tain the integral representation for the kernel k(t)

k(t) =

∫ ∞

0
e−rtK(r) dr, (26)

where

K(r) = −
1

π
ℑ

{
log s

s− 1

∣∣∣∣
s=reiπ

}
=

1

r + 1
.

Let us note that, since K(r) > 0 for r ≥ 0, representation (26) implies k(t) ∈
CMF . Plugging K(r) in (26) yields

k(t) =

∫ ∞

0

e−rt

r + 1
dr = etE1(t), (27)

where E1(t) denotes the exponential integral [1]

E1(t) =

∫ ∞

t

e−ξ

ξ
dξ.

The general case of kernels (24) with arbitrary continuous weight function
µ(α) is studied in [15].
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Existence and uniqueness of solution to the Cauchy problem (9)-(10) is
studied in [25] under appropriate conditions on the function f , see also the
review paper [20] for a summary of the established existence and uniqueness
results.

In this work we suppose that the conditions for the existence of a unique
solution are satisfied. Our aim is to present an algorithm for the numerical
computation of this solution.

4. The predictor-corrector algorithm

Let us start with the predictor-corrector method, proposed in [8, 9], for the
numerical solution of the initial-value problem (9)-(10), in the particular case

when CD
(κ)
t is the Caputo fractional derivative CD

α
t of order α (the case of kernel

(19)). To deduce the predictor and corrector formulae, in [8, 9] the equivalent
representation of the problem as a Volterra integral equation is used

y(t) = y0 +

∫ t

0
ωα(t− τ)f(τ, y(τ)) dτ, t ∈ (0, T ]. (28)

The integral equation (28) is solved on a uniform mesh tj = jh, h = T/N ,
j = 0, 1, ..., N, in two steps: predictor and corrector step. To approximate the
integral in (28), the product rectangle rule is used in the predictor step and the
product trapezoidal quadrature formula in the corrector step. In this way the
following algorithm is derived, where yj denotes the approximation for y(tj):

Predictor step:

yPn+1 = y0 +
n∑

j=0

bj,n+1 f(tj, yj), (29)

where

bj,n+1 =
hα

Γ(α+ 1)
((n+ 1− j)α − (n− j)α). (30)

Corrector step:

yn+1 = y0 +
n∑

j=0

aj,n+1 f(tj, yj) + an+1,n+1 f(tn+1, y
P
n+1), (31)

where

aj,n+1 =
hα

Γ(α+ 2)
Aj,n+1 (32)
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and the coefficients Aj,n+1 are defined by

Aj,n+1 =





nα+1 − (n− α)(n + 1)α if j = 0,
(n − j + 2)α+1 + (n− j)α+1

−2(n− j + 1)α+1 if 1 ≤ j ≤ n,
1 if j = n+ 1.

Applying an analogous argument, next we generalize the above algorithm
to the case of the equation with general fractional derivative (9).

The following Volterra integral equation, equivalent to (9), is obtained by
the use of (14) and (15) (see also Lemma 2.1 in [25]):

y(t) = y0 +

∫ t

0
k(t− τ)f(τ, y(τ)) dτ, t ∈ (0, T ], (33)

where the kernel k(t) is the Sonine kernel to κ(t), defined by the identity (13).
Let us denote

k1(t) =

∫ t

0
k(τ) dτ, k2(t) =

∫ t

0
k1(τ) dτ. (34)

Applying the product rectangle rule, we derive for the integral in (33)

∫ tn+1

0
k(tn+1 − τ)g(τ) dτ ≈

n∑

j=0

bj,n+1g(tj),

where

bj,n+1 =

∫ tj+1

tj

k(tn+1 − τ) dτ = k1(tn+1 − tj)− k1(tn+1 − tj+1).

Therefore, in the case of general fractional derivative the coefficients bj,n+1 in
the predictor formula (29) have the form

bj,n+1 = k1((n + 1− j)h) − k1((n− j)h). (35)

For the corrector step we use the product trapezoidal quadrature formula
with respect to the weight function k(tn+1 − ·) to replace the integral. This
implies by using standard techniques from quadrature theory (see e.g. [7])

∫ tn+1

0
k(tn+1 − τ)g(τ) dτ ≈

n+1∑

j=0

aj,n+1g(tj),
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where

aj,n+1 =

∫ tn+1

0
k(tn+1 − τ)φj,n+1(τ) dτ

with

φj,n+1(τ) =





τ − tj−1

tj − tj−1
, τ ∈ (tj−1, tj],

tj+1 − τ

tj+1 − tj
, τ ∈ (tj, tj+1),

0, otherwise.

In this way we obtain for the case of general fractional derivative the following
representations of the coefficients aj,n+1 in the corrector formula (31):

aj,n+1 =





k1((n+ 1)h) +
k2(nh)− k2((n + 1)h)

h
, j = 0,

k2((n+ 2− j)h) + k2((n − j)h)

h

−2
k2((n + 1− j)h)

h
, 1 ≤ j ≤ n,

k2(h)

h
, j = n+ 1.

(36)

As a final result, we deduced the following two-step algorithm for the nu-
merical computation of the solution to the initial-value problem with the GFD
(9)-(10):

Predictor step: predictor formula (29) with coefficients bj,n+1, given in
(35);

Corrector step: corrector formula (31) with coefficients aj,n+1, given in
(36).

The functions k1 and k2 are defined in (34), where k(t) is the Sonine kernel
of the kernel κ(t) in the definition of the GFD.

It is not difficult to check that in the case of single Caputo derivative
CD

(κ)
t = CD

α
t , which corresponds to k1(t) = ωα+1(t) and k2(t) = ωα+2(t),

formulae (35) and (36) reduce to (30) and (32), respectively.

The deduced predictor-corrector algorithm is applied to some numerical
examples in the next section.
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5. Numerical examples

To evaluate numerically the presented technique, we consider three examples,
in which we have either an exact solution, or a known integral representation
of the solution.

Example 4. A nonlinear equation with two Caputo fractional derivatives

of different orders.

Let 1 > α1 > α2 > 0, q > 0, and consider the following nonlinear initial-
value problem

CD
α1

t y(t) + q CD
α2

t y(t) = fα1,α2
(t, y(t)), y(0) = 0, (37)

where the function fα1,α2
(t, y) is defined as follows

fα1,α2
(t, y) = ϕα1,α1

(t) + qϕα1,α2
(t) +

(
1.5tα1/2 − t4

)3
− y3/2

with

ϕα,β(t) =
40320

Γ(9− β)
t8−β −

3Γ(5 + α/2)

Γ(5 + α/2− β)
t4+α/2−β +

2.25Γ(α + 1)

Γ(α+ 1− β)
tα−β.

The exact solution of the initial-value problem (37) is

y(t) = t8 − 3t4+α1/2 + 2.25tα1 . (38)

We solve numerically (37) for α1 = 0.8, α2 = 0.5, and q = 1, by applying the
predictor-corrector algorithm described in the previous section. The functions
k1 and k2 are defined in (34), where the kernel k(t) is given by the Mittag-
Leffler function (23). Based on formula (A.32) in [10] for the Mittag-Leffler
type function, for the computation of k1(t) we obtain and use the integral
formula (see also [6], Eq.(92))

k1(t) =
1

π

∫ ∞

0

1− e−rt

rα2+1
Kα1,α2

(r) dr, (39)

where

Kα1,α2
(r) =

sinα2π + rα1−α2 sinα1π

r2(α1−α2) + 2rα1−α2 cos(α1 − α2)π + 1
.

The function k2(t) is evaluated by numerical integration of k1(t).
Information about the error in the numerical computation of solution is

given in Table 1.
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h 10−1 10−2 10−3 10−4 10−5

err 3.4× 10−3 2.6 × 10−4 1.5 × 10−5 7.8 × 10−7 1.× 10−7

Table 1: The difference between the numerical solution of problem (37) and the
exact solution (38) for α1 = 0.8, α2 = 0.5, and q = 1 at t = 1.0.

Example 5. A linear inhomogeneous equation with two Caputo fractional

derivatives of different orders.

Let 1 > α1 > α2 > 0, q, λ > 0, and consider the linear equation

CD
α1

t y(t) + q CD
α2

t y(t) = 1− λy(t), y(0) = 0. (40)

The solution y(t) is given by the following binomial Mittag-Leffler function
[5, 6]:

y(t) = tα1E(α1,α1−α2),α1+1

(
−λtα1 ,−qtα1−α2

)
.

Moreover, the solution admits the following integral representation, which can
be used for numerical computation (cf. [6], Theorem 7.3)

y(t) =
1

λ
−

1

π

∫ ∞

0

e−rt

r
·

I(r)

(R(r) + λ)2 + (I(r))2
dr, (41)

where

R(r) = rα1 cosα1π + qrα2 cosα2π,

I(r) = rα1 sinα1π + qrα2 sinα2π.

Numerical computation of the solution of (40) for α1 = 0.8, α2 = 0.5,
q = 1, and λ = 1, 2, 3, is performed by using the predictor-corrector algorithm
with kernels k1(t) and k2(t) from the first numerical example and, alternatively,
by applying the integral representation (41). A comparison between the two
numerical solutions is presented in Figure 1. The predictor-corrector algorithm
is performed with time step h = 10−3. The difference between the two solutions
is of the order of 10−7.

Example 6. Relaxation function for the equation with uniformly dis-

tributed order.

Consider the linear relaxation equation of distributed order with uniform
distribution ∫ 1

0

CD
α
t y(t) dα = −λy(t), y(0) = 1, (42)
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t
0 2 4 6 8 10 12 14 16 18 20

y

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

λ=
1.0

2.0

3.0

α=0.8

β=0.5

Figure 1: Solution y(t) of problem (40) for α1 = 0.8, α2 = 0.5, q = 1, and
λ = 1, 2, 3. The numerical solution obtained by predictor-corrector algorithm
is given by solid lines and the marks ◦ correspond to that given by (41).

where λ > 0. The solution y(t) admits the integral representation (see e.g. [2])

y(t) =

∫ ∞

0
e−rtKD(r) dr, (43)

where

KD(r) =
1

πr

λB(r)

(A(r) + λ)2 + (B(r))2
(44)

with

A(r) = −
(r + 1) log r

log2 r + π2
, B(r) =

π(r + 1)

log2 r + π2
.

Numerical computation of the solution y(t) of initial-value problem (42) is
performed in two ways: by using the integral representation (43)-(44) and by
applying the predictor-corrector method, where the functions k1(t) and k2(t)
are found by numerical integration of the kernel k(t), which for this case is
given by (27). A comparison between the two solutions is given in Figure 2.
The predictor-corrector algorithm is performed with time step h = 10−3. The
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difference between the two solutions is of the order of 10−2 for λ = 1 and 10−3

for λ = 2 and λ = 3. Compared to the previous two examples, the accuracy
is not so high, which is mainly due to the error in calculation of the infinite
integral in (43).

Let us note that the infinite integrals in equations (39), (41) and (43) are
calculated numerically using Matlab.

The presented numerical experiments demonstrate that the developed predictor-
corrector numerical algorithm is useful and viable and can be further studied.
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Figure 2: Solution y(t) of problem (42) for λ = 1, 2, 3. The numerical solution
obtained by predictor-corrector algorithm is given by solid lines and the marks
◦ correspond to that given by the integral representation (43)-(44).
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